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ABSTRACT 

We show that E8(2) has a unique conjugacy class of subgroups isomorphic 

to PSP4(5 ) and a unique conjugacy class of subgroups isomorphic to 
PSL3(5). There normalizers are maximal subgroups of Es(2) and are, 

respectively, isomorphic to PGSp4(5 ) and Aut(PSL3(5)). 

This paper grew out of our paper [13], which was concerned with localizations 
of finite simple groups. It turned out that PSp4(5 ) has a localization in Es(2). 
This is one context of our main result. 

THEOREM 1 : 

(i) There is a unique conjugacy class of subgroups PSP4(5 ) in Es(2). The 

normalizer of such a subgroup is isomorphic to PGSp4(5 ) and is a maximal 

subgroup in Es (2). 

(ii) There is a unique conjugacy class of subgroups PSL3(5) in Es(2). The 

normalizer of such a subgroup is isomorphic to Aut(PSL3(5)) and is a 

maximal subgroup in Es (2). 

This theorem can be viewed as a minor step in the investigation of conjugacy 

classes of cross-characteristic embeddings of groups of Lie type into finite ex- 

ceptional simple groups of Lie type. An important starting point for that is the 
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paper of Liebeck and Seitz [12], which gives a list of embeddings. A detailed 

description of their conjugacy classes, as well as minimal fields over which they 

are defined, remains to be determined in many cases there. For example, it is 

mentioned in [12] that both PSP4(5 ) and PSLa(5) are subgroups of Es(2 a) for 

suitable a and in particular for a even--however, the fact that the minimal a is 

one as well as uniqueness of the embeddings into Es(2) up to conjugacy is new. 

A starting point for our proof is a result in [3, Theorem 5.1] establishing the 

existence of subgroups PSL4 (5) in Es (4). We require the following extension of 

this result. 

THEOREM 2: There is a unique conjugacy c/ass of subgroups PSL4(5) in Es(4). 

The normalizer in Es(4) of this group is a maximal subgroup of Es(4) and is 

isomorphic to the extension PSL4(5).2 of the simple group by a graph automor- 

phism which centralizes a subgroup isomorphic to PSp4(5 ). 

It is easy to see that  PSL4(5) cannot be contained in Es(2) (by comparing 

the 5-part of their orders, for example). However, the restriction of the adjoint 

module of Es(4) to PSL4(5) is an irreducible module which, by [7], can be 

realized over GF(2). 

We shall obtain our subgroups in Theorem 1 as embedded in the centralizers 

of carefully chosen field automorphisms of Es (4) which normalize PSL4(5). We 
use properties of amalgams of subgroups, as well as detailed information on the 

5-structure of Es(2), to show that these groups are unique up to conjugacy. 

We first collect the information on Es(2) we shall need. 

(iv) 
(v) 

(vi) 

(vii) 

(viii) 

(ix) 

PROPOSITION 3: Assume that G = E8(2), S E Syls(G ) and Z = Z(S). 

(i) ]Z l = 5, IS I = 55 and X = Na(Z) ~- SU5(4).4 = 5"U5(4).4. 

(ii) There exists a subgroup Y of G with Y ~- PGUs(4).4 = U5(4).5.4. 

(iii) X contains the monomial group 51+3 : Sym(5) and Y contains the mono- 

mial group 53+1 : Sym(5). 

S has exponent 5. 

S contains a unique abelian normal subgroup Qi o[order 5 i for I < i < 4. 

NG(Q4) is isomorphic to a subgroup 54.(21+4 o 4). Sym(6). 

For i = 2, 3, CG(Qi) = Q4 and NG(Qi) <_ No(Q4). 

NG(Q3)/Q4 ~- 4 × Sym(5). 
S contains exactly five conjugaey classes of extraspecial subgroups of ordex 

125 and every such subgroup contains Q2. 

(x) If E is an extraspecial subgroup of G of order 125, then NG(E)' 

SL2(5). 
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(xi) NG(Q2)/Q4 ~ GL2(5) and NG(Q2) contains a unique conjugacy class o1 

subgroups isomorphic to 52 : GL2 (5). If A1 and A2 are such subgroups 

with [A1 N A2[ divisible by 53.42, then A1 = A2. 

Proof: Parts (i) and (ii) are well-known and can be read from [4]. Par t  (iii) 

follows directly from the subgroup structure of SU~ (4) and PGU5 (4). From (iii), 

we see that S is a semidirect product of a normal elementary abelian subgroup 

of order 54 and a cyclic group of order 5. Thus S is isomorphic to a subgroup 

of a Sylow 5-subgroup of SL5 (5) and consequently has exponent 5. Therefore, 

(iv) holds. 
Assume without loss of generality that  S is contained in the monomial group 

X1 = 51+3 : Sym(5). Put  Q4 -- Oh(Xl). Then Q4 is abelian and normal in S. 

Furthermore, as IZ[ = 5, Q4 is the unique abelian subgroup of S of order 54. 

Since, as a GF(5)-module for Sym(5), Q4 is isomorphic to a submodule of the 

5-dimensional permutation module over GF(5), we see that Q4 is uniserial as 

an S-module. Thus Q3 = [Q4, S] has order 125, Q2 = [Q3, S] has order 25 and 

Z = [Q2, S] has order 5. Hence, for 1 < i < 4, Qi is the unique normal abelian 

subgroup of S of order 5 ~. Hence (v) holds. For i = 2, 3, 4, define Ni = NG(Qi). 

For (vi) we refer to [11, Table 5.21. 

To prove part (vii) it suffices to show that Cc(Q2) = Q4 and this is what we 

shall do. Since Z <_ Q2, CG(Q2) = CcG(z)(Q2). Now, by (i), CG(Z) = X' ~- 

SU5 (4) and Q2 can be identified therein with the subgroup of diagonal matrices 

(diag(w, w, w, w, w), diag(1, w, w 2, w 3, w4)) where w is an element of order 5 from 

GF(16). It follows that 

Cc~ (z) (Q ~ ) = ( diag (w, w-  1,1, 1, 1 ), diag( 1, w, w-  1, 1, 1), 

diag(1, 1, w, w - I ,  1), diag(1, 1, 1, w, w-I)) .  

Since this group has order 54, we have CG(Q2) = Q4 as claimed. 

Consider now (viii). By considering the monomial subgroup 111 

5 TM : Sym(5), we see that N3/Q4 contains Y1/Q4 ~- Sym(5). Furthermore, 

Z(N4/Q4) induces a group of scalars of order 4 on Q4 and so its preimage K 

normalizes Q3 (and Q2). Thus we have N3/Q4 >_ KY1/Q4 ~- 4 x Sym(5). 

If N3 > KY1, then because N3 operates irreducibly on 02(N4)/K1 and 

because Sym(5) is a maximal subgroup of Sym(6), either N3 contains a fac- 

tor isomorphic to Sym(6) or N3/Q4 >_ 02(N4/Q4). If N3/Q4 >_ 02(N4/Q4), 
then N3 acts irreducibly on Q4, whereas in fact it normalizes Q3, a contra- 

diction. Therefore, N3/K ~- Sym(6), and again N3 acts irreducibly on Q4, a 
contradiction. Thus N3 = KY1 as claimed. This proves (viii). 
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Suppose that  E is an extraspecial subgroup of S of order 53. Then S = EQ4 

and ENQ4 is normalized by both Q4 and E. Hence ENQ4 = Q2 and Z = Z(E). 
Let x E S\Q4. Then (x, Q2) is a non-abelian subgroup of S of order 125. Hence 

E is extraspecial of exponent 5. Since there are 55 - 54 choices for x and since 

each extraspecial subgroup contains 53 - 52 such elements, there are exactly 

25 extraspecial subgroups E of S of order 125. Let E be such an extraspecial 

subgroup. If E~S, then [E, S] _< [S, S] n E < Q4 N E = Q2. But this means 

Q3 = [Q4, S] _< Q2, a contradiction. Therefore, [S : Ns(E)] = 5 and so we 

conclude that  (ix) holds. 

From [9, Table 3.5 B] the group SU5(4) contains five conjugacy classes of 

~1+2 SL2(5). So (x) follows from (ix). maximal subgroups isomorphic to .+  : 

Set N2 = NG(Q2). Let L -~ 52 : SL2(5) be a s u b g r o u p o f Y  and let E e 

Sylh(L ). Then E is extraspecial of order 53. Hence NG(E)'/E ~- SL2(5) by (x). 

Thus using (ix), by conjugating by an element from Y and then from NG(E) 

we may suppose that  O5(L) = Q2. In particular, N2/Qa >_ LQ4/Q4 ~ SL2(5). 

As in the proof of (vii) we see that  N2 >_ KL  and then that  Nu/Q4 -~ 4oSL2(5) 

or GL2(5). Since CQ4(S ) = Z, we infer that,  as an LQ4/Q4-module, Q4 is 

a non-split extension of two natural SL2(5)-modules. Thus Q2 is the unique 

subgroup of Q4 of order 52 normalized by L and so NN4(LQ4) <_ Nc(Q2). 

We conclude that  NG(Q2)/Q4 ~- GL2(5) and the first part of (xi) is proven. 

Since the complements to Q4/Q2 in N2/Q2 are centralizers of involutions, the 

subgroups 52. GL2 (5) are determined uniquely up to conjugacy in G. Suppose 

that  A1 and A2 are such complements and assume that  y 6 NG(Q2) is such that  

A[ = A2. Let B be the normalizer of a Sylow 5-subgroup in A1. So IBI = 53.42 

is uniquely determined by its order in A1. Assume that  B _< A2. We are 

required to show that  A1 = A2. Since B _< A2 = A1 y, B y-1 _< A1. Hence there 

exists a • A1 such that  B y-la = B. But NNc(Q2)(B) < NNa(Q2)(A1) = A1 and 

so y-1 • A1 and (xi) is proved. | 

LEMMA 4: Suppose that G = Es(4) and S E Sylh(G ). Let Z2 = Z2(S) be the 

second centre of S and K = Ca(Z2). Then K <_ S and K is a torus of G o[ 
order 5 s. 

Proof: Let Z = Z(S) and C = CG(Z). Then K <__ CG(Z). From [5, Table 

4.7.3 B] we see that  C = (SU5(4) oSU5(4)).5 = 5"(U5(4) × U5(4)).5. Let M < C 

be the product of the monomial subgroups from the two components C1 and C2 

of C. So M = 51+(3+3).(Sym(5) × Sym(5)).5 and we assume, as we may, that  

S _< M. Let K* be the unique elementary abelian subgroup of S of order 5 s. 
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Then K* is a maximal torus of G and K* = Oh(M). Assume that Z2 ~ K*. 

Then, as [K*,Z~_] <_ Z, Z2Z/Z <_ Cc/z(K*/Z) = K*/Z. Thus Z2 _< K*. It 

follows that Cc(Z2) = K'Col (Z2)Cc2 (Z2). We calculate Cc1 (Z2) and CcI (Z2) 
exactly as in the proof of Proposition 3 (v). This proves K* = K = Ca(Z2). 
| 

Definition 1: Suppose that R - PSL4(5) and let R1, R2 be the maximal 

parabolic subgroups of R containing a fixed Borel subgroup B of R correspond- 

ing to point and plane stabilizers in R. So R1 --- 53 : PSL3(5) ~ R2. Then a pair 

of subgroups (P1, P2) of a group G is an amalgam of type PSL4(5) provided, 

for i = 1, 2, Pi has the same chief factors as Ri and P1 N P2 has the same chief 

factors as R1 N R2. 

Notice that an amalgam of type PSL4 (5) contained in a group X does not 

necessarily determine a subgroup of X isomorphic to PSL4(5) and in fact this 

is not usually the case in the following lemma. 

PROPOSITION 5: Suppose that G = Es(p a) with a even and p a prime which 

is not 5; then G contains at most one conjugacy class of amalgams of type 

PSL4(5). 

Proof: Suppose that (P1,P2) is an amalgam of type PSL4(5) in Es(pa). For 

i = 1,2, set Qi = 05(Pi). Then P1 ~ 53 : PSL3(5) and, as PSL3(5) is not 

isomorphic to a subgroup of the Weyl group of type Es, P1 is the normalizer 

of a non-toroidal elementary abelian subgroup of order 53. Using [3], we see 

that P1 is uniquely determined up to conjugacy in G. Let S E Sylh(P1 ) and 

P12 = NP1 (Z(S)). Then P12 is uniquely determined up to conjugacy in PI 

and P12 "~ 51+(2+2) GL2(5). Let Q12 = O5(P12). Then Q12 is extraspecial ~-- .~_ 

and Q12/Z(Q12) admits P12/Q12 with two non-central chief factors. Let Z be 

the preimage of Z(P12/Q12). Then Z acts on Q1/Z(S) as the scalar A and on 
Q12/Q1 it induces A 3. Thus the two non-central chief factors for P12 on Q12 

are non-isomorphic and consequently P12 normalizes precisely two subgroups of 

Q12 of order 5 3. Since Q1 and Q2 are such subgroups, we see Q2 is uniquely 

determined up to conjugacy by P1. Now/)2 normalizes Q2 and consequently 

Q2 is non-toroidal and so P2 = Na(Q2) is uniquely determined by P1 and 

furthermore P1 n P2 = P12. This proves the proposition. | 

In the proof of Theorem 5.1 in [3], it is shown that an amalgam (P1,P2) of 

type PSL4 (5) exists in Es (pa) whenever Es (pa) contains a subgroup 5 3. PSL3 (5). 

It is further shown in [3] that the amalgam (P1, P2) generates a subgroup of 
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Es(p a) isomorphic to PSL4(5) if and only if p = 2 and a is even. Notice that  

(P2,P1) is also an amalgam of type PSL4(5) and so by Proposition 5 there 

exists g 6 Es (p~) such that  P~ = / ' 1  and P~ = P2. Therefore, upon setting G = 

Es(4) and H = (P1,P2>, we see that  g 6 NG(H) and, since P1 = NG(Oh(P1)), 
we have NG(H) = (H,g). Thus, if p = 2 and a is even, N o ( H )  contains a 

subgroup H(g) ~- PSL4(5).2 where g conjugates P1 to P2. In particular, g does 

not induce a diagonal automorphism on H.  Let 7- be the inverse transpose 

automorphism of PSLa(5). Then the outer automorphism group of PSL4(5) is 

covered by (diag(i, 1, 1, 1),T) ~ Dih(8). Hence up to conjugacy by elements of 

Out(PSL4(5)) we have g E 7-PSL4(5) or g E 7d i ag ( i , l , l , 1 )PSL4(5 ) .  In the 

first case we have there is an involution t in r PSLa(5) such that  t centralizes a 

subgroup of PSL4(5) isomorphic to PSpa(5 ). There are no such involutions in 

7 diag(i, 1, 1, 1) PSL4(5) (see [5, 4.5.1]). 

LEMMA 6: Suppose that G = Es(4), H < G with H ~- PSL4(5).2. Then there 

is an involution t of H such that CH(t)' ~ PSPa(5). 

Proof." Let S 6 Syl 5 (H) and Q be the unique elementary abelian subgroup of 

S of order 5 4. As we have already witnessed the non-trivial outer automorphism 

in H / H '  is not diagonal. Using [5, Table 4.5.1], if s is an involution in H and 

ICH (s)]5 >_ 5 3, then CH(S)' ~- PSP4(5). So to prove the lemma it suffices to show 

that  there is such an involution. We do this in two steps. First suppose that  

there is an involution t 6 NH(S) such that  I[S/Q,t]I = 5. Let N = NH(Q) ~- 
54.(8L2(5) o SL2(5)).22 with NH(S) < N and let z 6 N be such that  CN(Z) is 

a complement to Q. Let T be a Sylow 2-subgroup of NH (S) • N containing 

t. Notice that  ITI = 25 . Since [S,t] ~ Q, we see that  ]CQ(t)I = 5,52 or 53 . If 

either of the latter two cases holds, then, as ICs/Q(t)I = 5, ICs(t)l > 53 and we 

are done. If ICQ(t)I = 5, then we replace t by t' = tz. Then t' is an involution 

and tCQ(t')I = 53 and we are done once again. 

We now show that  there is an involution t 6 NH(S) with I[S/Q,t]I = 5. For 

this we use the fact that  Q is contained in a torus K of order 5 s in Es (4). Then 

(for some choice of K) K S  6 Sylh(G) and consequently Z2(S) = Z2(KS). By 

Lemma 4, CG(Z2(S)) = K and so Ca(Q) = K also. Therefore, K~NG(Q) 

and so S T  <_ NG(K). Since N G ( K ) / K  ~ W(Es) we may calculate in W = 

W(Es).  Let R 6 Syl~(W). Then Nw(R)  can be seen in the subgroup (Sym(5) × 

Sym(5)).2 ~ coming from the diagram A4 × A4 (see [4]). Thus a Sylow 2-subgroup 

of Nw(R)  has order 26. Now we can identify N H ( S ) K / K  with a subgroup of 

Nw(R) .  Since T K / K  has order 25, we see that  T K / K  n Nw(R)  contains 
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the involutions from the subgroup Alt(5) × Alt(5) which we assume contains 

R. Finally, in this subgroup we see Dih(10) x 5 and we can choose t in this 

subgroup satisfying [S, t] < S and [S, t] ~ Q. This concludes the proof of the 

lemma. | 

Combining Proposition 5 and Lemma 6 with discussion before Lemma 6, we 

have the following result which is a substantial part of Theorem 2. 

COROLLARY 7: There is a unique conjugacy class of subgroups PSL4(5) in 

Es(4). The normalizer in Es(4) of this group is isomorphic to the extension 

PSL4(5).2 of the simple group by a graph automorphism which centralizes a 

subgroup isomorphic to PSP4 (5). | 

Definition 2: Suppose that  R --- PSp4(5) and let R1 and R2 be the two maximal 

parabolic subgroups containing a fixed Borel subgroup B of R. Then a pair 

of subgroups (P1,P2) of a group G is an amalgam of type PSp4(5 ) provided, 

for i = 1,2, Pi has the same chief factors as Ri and, for T E Sylh(P1 ~ P2), 

P1 A P2 = NP1 (T) = Np 2 (T). 

We may assume that R1 --'~ 5~+2.(SL2(5) o 4) and that R2 --- 53 : f~3(5).4 --'~ 

53 : hit(5).4. We also note that B/O5(B) ~ 4 x 2. 

PROPOSITION 8: There is at most one conjugacy c/ass of amalgams of type 

eSP4(5 ) in Es(2). 

Proof." Let G = Es(2), S E Syls(G ) and use the notation from Proposition 3. 

Suppose that  (P1,P2) is an amalgam of type PSp4(5 ) contained in G. Let 

T E Syl5(P1 AP2) and assume without loss of generality that  T < S. Then T3 = 

05 (P2) _< T is elementary abelian of order 53. Notice that T3 is a characteristic 

subgroup of T. Therefore, as [S : T I = 5, T3 is normal in S and Proposition 3 

(v) implies T3 = Q3. Thus Proposition 3 (vii) implies P2 <_ Nv(Q3). Notice 

that Ny(Q3)/Q3 is a subgroup (5 × hit(5)).(2 x 4). Therefore, P~ = Yk~c3J = 

53. Alt(5) is uniquely determined up to conjugacy in G. Let T1 _> Q4 be such 

that TI~_Ny(Q3) and [T1/Q4[ = 2. Then, as T1 inverts Q4, TIQ3 is determined 

uniquely up to conjugacy in Q4T1. Define P~ = Ny(Q3)"T1. Then P.~/Q3 ~ 

2 × Alt(5). We have 

(8.1) P2* is uniquely determined up to conjugacy in G. In particular, we may 

suppose that P2* ~ P2. 

Let K be acomplement  t o T i n  Np~(T). So K ~ 2 x 2  and o n T / ¢ ( T ) ,  

K induces the matrix group (diag(-1,  1), diag(1, -1) ) .  Consequently K nor- 
malizes exactly two subgroups of T of order 53 which contain ~(T).  Let 
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E1 = O5(P1). Since K normalizes both Q3 and E1 and E1 >_ ~5(T), we see 

that E1 is uniquely determined by P2. Furthermore, E1 is extraspecial and so, 

setting PI* = NG(E1)', P{ ~ 51+2 : SL2(5) by Proposition 3 (x). It follows 

that PI* -< P1. Let K1 = Np{ (T). Then K1/T is cyclic of order 4 and, as P~ 

determines PI*, it also determines K1. Now K1 _< P1 n P2 and so we infer that 

P2 = K1P~ is uniquely determined. Finally, setting K2 = Np2(T), we have 

P1 = P~K2 and the amalgam (P1, P2) is determined uniquely up to conjugacy 

in G. | 

Definition 3: Suppose that R = PSL3(5) and let R1 and R2 be the two maximal 

parabolic subgroups containing a fixed Borel subgroup B of R. Then a pair 

of subgroups (/91, P2) of a group G is an amalgam of type PSL3(5) provided, 

for i = 1, 2, P~ has the same chief factors as Ri and, for S E Syls(P1 A P2), 

P1 N P2 = Np, (S) = Np 2 (S). 

We remind the reader that R1 = R2 -- 52 : GL2(5). 

PROPOSITION 9: There is at most one conjugacy class of amalgams of type 

PSL3(5) in Es(2). 

Proo~ Suppose that (P1, P2) is an amalgam of type PSL3(5) in G = Es(2). 

Use the notation from Proposition 3. Let E C Syl5(Px N P2). Then E is 

extraspecial of order 125. Of course we may suppose that E _< S and so Q2 _< E 

by Proposition 3 (ix). By Proposition 3 (xi), P1 is determined uniquely up to 

conjugacy in G and of course Np 1 (E) is determined up to conjugacy in P1. Now 
Np 1 (E) -~ 51+2 : (4 x 4) with Sylow 2-subgroup T ---- 4 x 4 acting on E / ¢ ( E )  as a 

diagonal group of automorphisms. Thus T normalizes precisely two elementary 

abelian subgroups of E of order 25. These groups must be O5(P1) and O5(P2). 
Let t E NNa(E)(TE) with 05(P1) t = 05(/°2) and set/92* = P1 t. Then (P1,P~) is 

an amalgam of type PSL3(5). To complete the lemma we only have to show that 

P2* = P2. This however follows from Proposition 3 (xi) as P2 n Pf  >_ Np 1 (E). 
| 

PROPOSITION 10: There are subgroups of Es(2) isomorphic to Aut(PSL3(5)) 

and Aut(PSp4(5)). 

Proof: Let G = Es(4) and consider the subgroup K ~ PSL4(5). Then H = 

N a ( K )  is isomorphic to PSLa(5).2 where the outer automorphism is the graph 

automorphism a which centralizes a subgroup of K isomorphic to PSp4(5 ). 

Then, by Proposition 5, H is determined uniquely up to conjugacy in G. Let T be 
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the Frobenius automorphism of G with fixed subgroup Es(2) and consider G1 = 

G(T). Then, by the Frattini Argument, G1 = NG1 (H)G. So [Nc~ (H) : H] = 2. 

Set H1 = NG~ (H). Since a is not a diagonal automorphism of PSL4(5), we infer 

that H1/K is elementary abelian of order four. Furthermore, from the structure 

of Out(PSL4(5)) -~ Dih(8) we infer that H1/K has two elements corresponding 

to graph automorphisms (which are conjugate in Out(PSL4(5))) and a diagonal 

automorphism. Let t l K  and t2K be the two cosets of K in H1 which are not 

contained in G. And assume that tl is the coset of the graph automorphism. 

Each of the cosets t lH  I and t2H ~ intersects exactly two conjugacy classes of 

involutions of H1 (see [5, Table 4.5.1]). Let the representatives of these classes 

be tl and t~, t2 and t~ respectively. Now using [5, Table 4.5.1], up to change of 

0 (CH(tl)) = PSL2(5) × PSL2(5), notation, we have CH(t]) ~ Aut(PSp4(5)), 5' , ,.~ 

CH(t2) ~ Aut(PSL3(5)) and 05' (CH(t~2)) ~- PSL2(25). On the other hand, by 

Lang's Theorem tl, t~, t2 and t~ are all G-conjugate to r (see [1, 19.1]). It 

follows that all the aforementioned centralizers are contained in subgroups of 

G isomorphic to Es(2). In particular, the statement in the proposition holds. 
| 

There is a second existence proof of the subgroup PSL3(5) in Es(2) which 

has the advantage that it also shows that PSL3(5) is a subgroup of Es(p) for 

all primes p ~ 5 (for p = 5 the existence is clear). We explain the proof in 

characteristic 2 and continue the notation of Proposition 10. So we have G1 = 

G@}. By [3] there is a unique conjugacy class of subgroups P = 53 : PSL3(5) in 

G and so [NG1 (P) : P] = 2. Since GL3(5) ~ 4×PSL3(5) and Z(Na(P)) = 1, we 

infer that there is an involution t in NG, (P) with Cp(t) ~ PSL3(5). But then 

Lang's Theorem implies that PSL3(5) is isomorphic to a subgroup of Es(2). 

Proof of Theorem 1: The existence of subgroups of Es(2) which are isomor- 

phic to PGSp4(5 ) and Aut(PSL3(5)) and their uniqueness up to conjugacy is 

established by combining Propositions 8, 9 and 10. Finally we observe that 
these subgroups are maximal in Es(2). Write L for either of the two simple 

subgroups, and let M be an overgroup of L maximal in G. Let N be a minimal 

normal subgroup of M. Assume first that N is a product of non-abelian simple 

groups, each isomorphic to the simple group S. If S is of Lie type in character- 

istic 2, then it has Lie rank at most 8. Since L has no representation over the 

field of two elements of dimension less than 24 [8] (note that the 12-dimensional 

representation requires the field of order 4), this is impossible by [12]. Also, the 

only possibility for S not of Lie type in characteristic 2 is PSL4(5) by [12], and 
that is only a subgroup of Es(2 a) if a is even. Thus N -- L follows in this case, 
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proving the desired maximality. Hence we can now assume that  N is elementary 

abelian and L is involved in M / N .  This is clearly impossible: as above, L is not 

in a centralizer in Es (2), since these involve only subsystem subgroups. Hence 

N would have to be a 5-subgroup, and this is clearly impossible. | 

Proof of Theorem 2: Let G = Es(4). The existence of a subgroup K of G 

isomorphic to PSL4(5) and the structure of N = No(K)  is given in Corollary 7. 

So to complete the proof of Theorem 2 we have to show that  N is a maximal 

subgroup of G. Assume that  L < G contains K.  By [12] K is not contained in 

a parabolic subgroup or a subsystem subgroup of G. In particular, Ca(K)  = 1. 

Let M be a minimal normal subgroup of L. Assume that  M is elementary 

abelian. Since M is not contained in a parabolic of G, we see that  M is not 

a 2-group. Now the minimal p-modular representation of K has dimension 5 

for p = 5 and, by [6, 7], 154 if p is not 5. It follows that  M is not a p-group. 

Therefore M is a direct product of non-abelian simple groups. Since the minimal 

faithful permutation degree of K is 156, we infer that  L _< M and M is simple. 

We now deduce that  M = L by applying [12]. Thus L = N and we are done. 
| 

Remarks: 

(i) There are at least two conjugacy classes of PSp4 (5) in Es (4), one obtained 

via PSL4(5) and the other via the parabolic subgroup D7 (cf. [12]). It is 

however possible that  the class of primitive subgroups (i.e., not contained 

in a parabolic subgroup) in Es (4) is unique. 

(ii) It is shown in [12, 8.5] that  PSpt(5 ) cannot be a subgroup of Es(q) if 

q is not a power of 2 or 5. On the other hand, our alternative proof 

of the embedding of PSL3(5) into Es(2) yields an embedding of PSL3(5) 

into Es(p) for any p other than 5. The following character calculation 

shows that  Aut(PSL3(5)) is not a subgroup of Es(p) whenever p ~ 2 or 

5. Let V be the adjoint module for Es(p) with p ~ 2 or 5. From [12, 

Table 4] the character of any element of order 2 on V is either 24 or 

-8 .  Thus the character tables in [4] and [8] show that  the restriction 

of V to a subgroup PSL3(5) has exactly two composition factors each of 

dimension 124. Furthermore, if H = Aut(PSL3(5)) _< Es(p), then the 
outer automorphism of H exchanges the two composition factors for H t 

and so has character 0 on V. Hence it is impossible for H to be a subgroup 

of Es (p). 

(iii) Matrices generating Es(2) in its adjoint representation are available 
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(iv) 

from the ATLAS website [14]. Using this representation we have 

constructed PSL3(5) and PSp4(5 ) as subgroups of E8(2). See 

http://web.mat.bham.ac.uk/C.W.Parker/L35 (PSp45) for matrices gen- 

erating these subgroups. We have decomposed the adjoint module for 

Es(2) for each of PSL3(5) and PSP4(5 ). The first restricts as a uniserial 
104 module 124 and the second restricts as 40 ® 104 124 

There are exactly two representations for PSL4(5) of dimension 248 de- 

fined over a field of characteristic 2 [6, 7]. These representations are both 

contained as composition factors in the GF(2) permutation module on the 

stabiliser of a line in the natural 4-dimensional representation of SL4(5). 

By restricting to a subgroup PSL3(5), we can identify which of these two 

representations is isomorphic to the restriction of the adjoint Es (4)-module 

and then we may calculate the restriction to all the subgroups of E8(2) 

discovered in Proposition 10. We list these restrictions in Table 1. 

Table 1 

Centralizer 
co(t1) 
cG(t ) 
c (t2) 

Decomposition 
40/104/104 

3 2 / 8 / 1 / 8 / 8 / 3 2 / 8 / 1 / 8 / 1 6 / 1 / 8 / 1 / 8 / 1 6 / 1 / 1 / 1 / 8 / 1 / 3 2 / 8 / 8 / 3 2  
124/124 

2 4 / 2 / 1 / 2 4 / 2 / 2 4 / 1 2 / 1 / 1 2 / 2 / 2 4 / 2 6 / 1 / 1 2 / 2 / 2 4 / 2 6 / 2 / 2 / 1 / 2 4  
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